Modification of the laws of gravity in the DGP model by the presence of
  a second DGP brane by Warkentin, Max
Modification of the laws of gravity in the DGP
model by the presence of a second DGP brane
Max Warkentin1
1Arnold Sommerfeld Center, Ludwig-Maximilians-Universita¨t,
Theresienstraße 37, 80333 Mu¨nchen, Germany
(Dated: August 6, 2019)
Abstract
We investigate how the laws of gravity change in the DGP model,
if we add a second, parallel 3-brane, endowed with a localized gravita-
tional curvature term. We calculate the gravitational potential energy
between two static point sources localized on different branes. We
discover a new length scale, which is equal to the geometric mean of
the DGP cross-over scale and the separation of the two branes in the
extra dimension. For distances, which are larger than this new length
scale, we recover the original DGP result, but for smaller distances
the gravitational potential is weaker. Furthermore, a region emerges,
where a 4-dimensional observer measures a distance independent force.
We discuss a possible application of the present scenario for deriving
rotation curves of low surface brightness galaxies. Using the Kaluza-
Klein description, we observe a curious pattern, in which even and
odd KK-modes contribute to the attractive and repulsive parts of the
gravitational potential, respectively. Finally, since this setup allows
for the existence of a sector of particle species that are interacting
arbitrarily weakly with ”our” sector, we discuss the implications of this
phenomenon for black holes and the bound on the number of species.
We find that the behavior is qualitatively different from theories with
a normalizable zero-mode graviton.
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1 Introduction
We investigate a particular setup in the braneworld scenario, where two flat
(tensionless), parallel 3-branes are embedded in a 4+1-dimensional Minkowski
spacetime, where the extra dimension is infinite. Apart from the addition of
the 2nd brane1, the scenario, which we are considering here, is the same as in
Ref. [2], where the original DGP model was proposed. In the DGP model,
there is a 5-dimensional (5-d) bulk theory, consisting of the 5-d Einstein-
Hilbert action with the fundamental Planck mass M∗, and an embedded,
tensionless 3-brane, which is endowed with a 4-d Einstein-Hilbert action with
the observed Planck mass MP:
S = M3∗
∫
d4x dy
√
|G|R5 +M2P
∫
d4x
√
|g|R, (1)
where y is the coordinate of the extra dimension, |G| is the determinant of the
bulk metric, R5 is the bulk Ricci scalar and |g| (with gµν(xµ) = GAB(xµ, y =
0)) and R are the respective quantities on the brane. Due to the localized
curvature term (the second term in (1)), the phenomenology of the DGP
model is quite distinctive: Gravity behaves as 5-dimensional for distances
above the cross-over scale rc ≡ M
2
P
M3∗
, but changes the regime to 4-dimensional
behavior for distances below rc. We focus on the gravity part of the model,
although a localized matter action in (1) is assumed, which contains the
Standard Model (SM) fields.
Setups with parallel branes are interesting in several respects: One example
is brane inflation [3]. In that scenario, inflation in our universe could have
been caused by a relative motion between branes. Another example was given
in Ref. [4], where it was suggested that (anti-)baryons could be transported
to such a parallel brane leading to a new mechanism of baryogenesis on our
brane.
The goal of the present paper is to show how the physical implications of the
DGP model are modified, if there exists a 2nd brane with a localized curvature
term. In order to study this, we will use a somewhat simplified model,
explained in detail in Section 2, and calculate the gravitational potential
energy between two static point sources localized on the opposite, parallel
branes (in Section 3). We will find that the 2nd brane enhances the effects of
1In Ref. [1] a similar setup with two parallel branes has been investigated. However,
there the extra dimension is compact.
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the DGP model2 by further weakening the 5-d gravity at certain distances.
Furthermore, we will discover that the resulting gravitational potential gives
rise to a potentially, phenomenologically interesting new distance independent
force in our universe.
Typically, in the context of extra dimensional models, the Kaluza-Klein
(KK) language is adopted, where the presence of the (geometrical) extra
dimension is traded for the presence of a tower of KK-modes, seen by a 4-d
observer. Although such a viewpoint is usually used in the case of a compact
extra dimension (since in that case, one gets a discrete mass spectrum), in
Section 4 we will also make use of this KK language and re-derive our results
obtained in the fully 5-d treatment. Besides encountering some interesting
features, this equivalent viewpoint will serve as a cross-check for our main
result.
Finally, we wish to address the question, what are the implications on the
present scenario coming from black hole (BH) physics. For general relativity
(GR), or theories that behave like GR up to some distance l∗, it has been
shown [6] that BH physics (with a BH size smaller than l∗) puts a consistency
bound on the short distance cutoff of GR, namely
Λ . MP√
N
, (2)
where Λ is the gravity cutoff3 and N is the number of species4 in the theory.
The physical meaning of expression (2) is that the parameter Λ−1 marks the
lower bound on the scale of breakdown of semi-classical gravity. For example,
the Hawking radiation from a black hole of the size smaller than this scale
cannot be treated as thermal, even approximately. This is a clear signal that
the theory of general relativity requires a UV-completion at distances shorter
than Λ−1.
Furthermore, it has been shown in the context of an ADD-type model
[7] (see also [8, 9]) that several setups with multiple branes, where a BH
does not intersect with all of the branes, are classically not static. It was
shown that there is a classical time scale, until which the BH will ”accrete”
2In the original DGP setup [2, 5] it has been found that the localized curvature term
shields the short distance physics on the brane from the strong gravity of the bulk.
3For energy scales above Λ, GR, which is understood as an effective theory, has to be
modified.
4As can be seen from Eq. (2), in theories with a large number of species N , the maximal
cutoff can be significantly lower than the Planck scale.
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all of the other branes5. According to Ref. [7], in the language of species,
this can be understood as a ”democratization” process for the BH in the
following sense: A semi-classical, thermal, BH should evaporate into all species
”democratically” (up to greybody factors). However, as long as the BH does
not intersect certain branes, it cannot evaporate into the species localized on
them. So the process of brane accretion restores that evaporation universality.
In this view, the lack of time-independence in the setup is reflected by the
lack of universal evaporation.
However, theories of the form considered in the present work, differ from
other extra dimensional models (like the ADD model [10] or the RS model
[11]) in a very important aspect: they modify gravity at large distances,
while coinciding with GR at short distance scales. Moreover, as opposed to
the above outlined ”accretion” scenario, where the tension of the branes is
responsible for the attraction between the BH and the branes, in our setup
the branes are tensionless. Nevertheless, we will show that there would be an
(repulsive) interaction between a BH and the branes. We can, however, switch
that interaction off by sending the distance between the branes to infinity.
This is not possible in the ADD model, because in that case we would need
to send the compactification radius to infinity as well, which would make 4-d
gravity to vanish. So how does our scenario fit into the above species picture?
What, if any, information do we get from BH physics? We shall address these
issues in the last section of this paper and investigate the implications for the
bound on the number of species.
2 Two parallel DGP branes
As was explained in Ref. [2], in order to see the essential features of the DGP
scenario, it is enough to consider a toy model with a bulk scalar field and the
respective kinetic term(s) localized on the brane(s). The full theory, involving
a spin-2 particle, will add a tensor-structure to the scalar field propagator,
but the essential results of the present work will be unaffected6. Hence, for
clarity of presentation, we will exclusively deal with the simplified scalar field
theory in this paper.
5In case the time scale is larger than the evaporation time, the BH will evaporate first.
6 Since we only consider the interaction between static sources, the full propagator
(including the spin-2 and the spin-0 part) would modify our result by an O(1) numerical
factor.
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The main contribution of the present work is to discuss a setup in the DGP
braneworld scenario, where an additional 3-brane is added, which is parallel
(with respect to the extra dimension) to the one representing our universe.
The two branes are separated by a distance R along the 5th dimension. In
particular, we will consider the following scalar field theory:
S =
∫
d4x dy
{
1
2
(∂Aφ)
2 + rc[δ(y) + δ(y −R)]1
2
(∂µφ)
2 + J(xµ, y)φ
}
, (3)
where φ ≡ φ(xµ, y) is a massless scalar field with A ∈ {0, 1, 2, 3, 5} and
µ ∈ {0, 1, 2, 3}. We defined rc ≡ M
2
P
M3∗
, the so-called cross-over length scale,
which quantifies the relative strengths of the scalar field propagators on the
brane and the bulk, respectively. This simulates the relative strengths of the
4-d and the 5-d gravity in our toy model.
We want to calculate the potential energy (”would-be” gravitational
potential energy) between two static point sources localized on the different
branes, as shown in Figure 1.
y
r
R
Figure 1: Potential energy between two static point sources on different,
parallel branes, mediated by the scalar field.
In the next section we will perform the 5-d calculation, while in the
following section we will integrate out the extra dimension and use the KK
language.
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3 Potential energy in the 5-d description
The action (3) leads to the equation of motion(
− ∂2y + rcδ(y)+ rcδ(y −R)
)
φ = J(xµ, y),
with  ≡ ∂µ∂µ.
If the source is static, we can look for static solutions. For this we can
first solve(
∆ + ∂2y + rcδ(y)∆ + rcδ(y −R)∆
)
G(~x, ~x′; y, y′) = −δ(3)(~x− ~x′)δ(y − y′),
where ∆ is the Laplace operator and G(~x, ~x′; y, y′) is the Green’s function.
Although the operator on the left hand side is not translationally invariant
along the y-direction, we are only interested in the setup, where one of the
sources is located on the left brane at y′ = 0 (and ~x′ = 0), so the problem
reduces to(
∆ + ∂2y + rcδ(y)∆ + rcδ(y −R)∆
)
G(~x, y) = −δ(3)(~x)δ(y).
We can Fourier transform this with respect to the coordinates ~x to get(
k2 − ∂2y + rcδ(y)k2 + rcδ(y −R)k2
)
G˜(k, y) = δ(y),
where k ≡ |~k|. Next, we can also Fourier transform with respect to the
coordinate of the extra dimension y and find the formal solution
G˜k(k, k
5) =
1− rck2
(
G˜(k, y = 0) + G˜(k, y = R) e−ik
5R
)
k2 + (k5)2
,
where G˜k(k, k
5) is the fully Fourier transformed Green’s function and k5 is
the momentum in the 5th dimension. Transforming back to the y-coordinates
and using ∫
dk5
2pi
eik
5y
k2 + (k5)2
=
e−k|y|
2k
,
we get
G˜(k, y) =
e−k|y|
2k
− rck
2G˜(k, 0)
2k
e−k|y| − rck
2G˜(k,R)
2k
e−k|y−R|.
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We can now solve for the coefficients G˜(k, 0) and G˜(k,R) and arrive at
G˜(k, y) =
e−k|y|
k
2 + rck
(2 + rck)2 − r2ck2 e−2kR
− rc e
−k|y−R| e−kR
(2 + rck)2 − r2ck2 e−2kR
. (4)
For
J(xµ, y) = g
[
δ(3)(~x)δ(y) + δ(3)(~x− ~r)δ(y −R)] (5)
(see Figure 1) we find as the potential energy between the sources
V (r, R) = −g2G(~r,R) = − g
2
pi2
1
r
∫ ∞
0
dk
sin (kr) e−kR
(2 + rck)2 − r2ck2 e−2kR
, (6)
where r ≡ |~r|.
We see already from (3), with (5), that if the field φ is to mimic the
graviton, the correct coupling constant should be g ∝ M−3/2∗ =
√
rc
MP
(for
unit-mass point-sources). We will later fix the correct numerical coefficient
by comparing (6) with the observed Newton’s potential.
The resulting integral cannot be solved exactly, but we can extract the
leading order behavior for the three interesting regimes to be specified shortly.
Let us rewrite (6) as
V (r, R) = − g
2
4pi2
1
rrc
J, (7)
where
J =
∫ ∞
0
dx
sinx e−
R
r
x
r
rc
+ x+ 1
4
rc
r
x2
(
1− e−2Rr x
) . (8)
We want to approximate the result for the regime r  rc and R rc. In this
case (8) is approximately
J '
∫ ∞
0
dx
sinx e−
R
r
x
x+ 1
4
rc
r
x2
(
1− e−2Rr x
) +O( r
rc
). (9)
Since the exponential cuts the integral off at r
R
, we can further simplify
J '
∫ r
R
0
dx
sinx
x
1 + 1
2
ρ2
r2
x2
, (10)
where we have introduced the new length scale
ρ ≡
√
rcR,
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because it will emerge in the result. The approximated integral (10) can be
calculated exactly, however the result is more instructive, if we approximate
it further. In the regime r  R we find
J '
∫ ∞
0
dx
sinx
x
1 + 1
2
ρ2
r2
x2
=
pi
2
(
1− e−
√
2 r
ρ
)
'

pi
2
, r  ρ,
pi
2
(√
2
r
ρ
− r
2
ρ2
)
+O
(
r3
ρ3
)
, r  ρ.
(11)
In the regime r  R we can approximate
J '
∫ r
R
0
dx
1
1 + 1
2
ρ2
r2
x2
=
√
2
r
ρ
arctan
(
1√
2
ρ
R
)
' pi
2
(√
2
r
ρ
− 4
pi
r
rc
)
+
r
rc
O
(
R
rc
)
. (12)
We can now state the asymptotic behavior of the potential energy in the
three mentioned regimes. We will fix the coupling constant g in such a way
that for an observer r  ρ (and hence r  R) the potential energy between
two static unit-mass point sources looks like the usual 4-d Newton’s potential,
V = − 1
8piM2P
1
r
, hence g2 = rc
M2P
. It follows that (for r, R rc)
V (r, R) = − 1
4pi2M2P
1
r
J ' − 1
8piM2P
×

(I)
1
r
, ρ r,
(II)
(√
2
1
ρ
− r
ρ2
)
, R r  ρ,
(III)
(√
2
1
ρ
− 4
pi
1
rc
)
, r  R.
(13)
So we see that for cases (II) and (III) the potential is proportional to 1√
R
and
it is weaker than the 1
r2+R2
-potential, which we would get without the DGP
branes, since 1
rcρ
 1
r2+R2
. It is also weaker than the 1
D
-potential, which has
been found in [5]7, because 1
rcρ
 1
rcD
. There, it was argued that the DGP
7There, the setup contains only one DGP brane and the potential energy is calculated
between one point source on the brane and a second point source outside the brane. D is
the larger one of the distances either along the 3-brane or along the extra dimension.
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brane acts as a kind of anti-gravity and reduces 5-d gravity to 4-d gravity (see
next subsection). Now we find in the present work that two branes enhance
this effect and further weaken the 5-d gravity. Also, in case (III) the force in
r-direction is zero and so the gravitational force in that direction is entirely
lifted by the branes.
3.1 Screening of the 5-d force by the branes
In Ref. [5] the propagator for the DGP model (in the presence of one brane)
between two points at y and y0 along the extra dimension was calculated. It
was approximated in the regime r  rc (and hence krc  1) as
(1B)G˜(k; y, y0) ∼= 1
k
e−k|y−y0| − 1
k
e−k(|y|+|y0|) +
1
k2rc
e−k(|y|+|y0|).
Then, the potential energy between two point sources m1 and m2 at y and y0
is
(1B)V (r; y, y0) ∼ −m1m2
M3∗
(
1
r2 + |y − y0|2 −
1
r2 + (|y|+ |y0|)2
+
1
rrc
arctan
r
|y|+ |y0|
)
. (14)
Although this result gives us the potential energy between two point
sources, we can interpret it as the potential due to one point source in the
presence of a brane, because of the following reason: For a static point source
with mass m1 at (~r, y), the solution for the scalar field (evaluated at the point
(~x, y0)) is φ(~x, y0) ∼ m1
M
3/2
∗
∫
d3~k ei
~k(~x−~r)(1B)G˜(k; y, y0). But since our scalar
field φ is essentially the graviton (see footnote 6), the gravitational potential
(not the potential energy) is M
−3/2
∗ φ, which is the same as 1m2
(1B)V (r; y, y0)
(from (14)). Hence, expression (14) can be viewed as the potential energy of
a (probe) point mass m2 at (~x = ~0, y0) due to a point mass m1 at location
(~r, y).
We see that the resulting potential differs from a mere
(
−m2
M3∗
1
r2+(y−y0)2
)
-
potential quite dramatically, due to the presence of the DGP-brane. The
situation is similar to the so-called image problem from classical electrostatics,
so we can use that intuition to interpret the present situation. There, we con-
sider the situation of a point charge in the presence of a perfectly conducting
plate. The (positive) point charge induces a negative charge on the plate
9
and the resulting potential is the same as if a mirror image charge has been
introduced on the opposite side of the plate.
Similarly, the potential in the DGP scenario has a form, as if the brane
introduced a negative (anti-gravitating) mass on the opposite side of the
brane (opposite to the probe mass). For probe masses at y0 ≤ 0 (with the
source m1 at positive y) the ”image” mass cancels the 5-d potential, while
for probe masses at y0 > 0 the image mass enhances the attraction between
m1 and m2.
However, there is an important difference to the situation in the elec-
trostatics case. In the DGP scenario there is still an attractive (but 4-d)
potential left (since for |y|+ |y0|  r the last term in (14) goes to 1rc 1|y|+|y0|).
So, if we consider a point mass in the bulk near the brane, the brane will
have a repulsive force on the point mass.
Now let us return to our two-branes setup. In the last section we found
that in the presence of two branes, the attractive potential between two point
masses is further reduced. So we can infer that the effect of the branes is to
introduce even stronger repulsive (anti-gravitating) point masses. Hence, if we
would consider a point mass on our brane, then the parallel brane (if it would
be empty of sources) would be repelled8. This repulsion in our two-branes
setup would be even greater than the repulsion between a brane and a point
source in empty space in the original DGP setup.
3.2 Force along the brane
Although the potential (13) is R-dependent, the sources in our scenario are,
per construction, localized on the brane, so nothing can move into the bulk
(except the graviton itself). Put differently, every force, which is orthogonal to
the brane, is compensated by the force, which is responsible for localizing the
matter on the brane. Hence, in the following subsection we will be interested
in the force along the r-direction.
8Of course, strictly speaking in our present construction the branes are boundaries
and hence do not respond to dynamics. However, we can switch gears and consider a
situation, where the mechanism, which localizes a point mass on the brane dominates over
the mechanism, which fixes the branes to particular spacetime points.
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We find
Fr ≡ −∂V (r, R)
∂r
' − 1
8piM2P
×

(I)
1
r2
, ρ r,
(II)
1
ρ2
, R r  ρ,
(III) 0, r  R.
(15)
In case (III), the higher-order corrections do not introduce an r-dependence,
since in this regime the r-dependence is exponentially suppressed. So a brane-
observer, carrying a static point source, would measure (in the respective
asymptotic regimes) a force as sketched9 in Figure 2.
rρ
Fr
G/ρ2
R/ρ 1
-1
Figure 2: The plot shows the force Fr, expressed in units of
G
ρ2
, plotted against
the distance along the 3-brane, r, expressed in units of ρ. The force takes
different asymptotic forms in the regimes r  R, R r  ρ and ρ r.
We see that the following picture emerges: Let us assume that we are
an observer, who can be approximated by a static point source with mass
m, living on ”our” brane at y = 0. Now consider there is a different static
point source with mass M located at the parallel brane at the location y = R
and ~r = 0. We start on our brane at ~r = 0 and probe the gravitational
force along the spatial dimensions of our world. If we start increasing the
world-volume-distance r, we would not measure any force as long as we stay
within the region r  R. However, if we would measure again at R r  ρ,
we would determine the constant force Fr = −GMmρ2 . Finally, for r  ρ, we
would measure the same 4-d force Fr = −GMmr2 , as if the 2nd point source
9G = (8piM2P)
−1 is the Newton’s constant.
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was located on our brane and there were no extra dimensions. Note that in
all of those regimes the force behaves differently than a usual 5-d force would,
which would be due to a source on the parallel brane in the absence of the
localized kinetic term (DGP-term).
Now, it is interesting that in this scenario a (spatially) constant attractive
force emerges beyond some length scale R. Let us entertain the possibility
for a moment that this force could compensate the decreasing force (as we
increase r) coming from the baryonic matter on our brane (in our present
scenario this baryonic matter would constitute a galaxy, centered around
~r = 0). Then, one might hope that such a scenario could explain the fact that
the gravitational force being exerted from, say, the interior of our galaxy, is
stronger than the baryonic mass distribution would imply (see e.g. Ref. [12])
without the need of postulating the presence of dark matter on our brane.
In the regime R r  ρ the mass M of the source on the 2nd brane has
to be much larger than the enclosed baryonic matter on our brane in order to
compete with the baryonic Newton’s force. So one is forced to take
M ∼MB(r∗)
(
ρ
r∗
)2
MB(r∗), (16)
where MB(r∗) denotes the enclosed baryonic mass at the radius r∗, at which
the baryonic Newton’s force starts to decrease. One also has to assume
r∗ ∼ R, so that the constant force does not spoil the observations, which are
compatible with the usual baryonic Newton’s force for r . r∗.
In this scenario, the constant force would dominate at the outer galactic
region and the rotation-velocities of orbiting objects would go like v(r) ∝√
GM
ρ
√
r. Although this behavior is not observed in more massive galaxies,
where the rotation-curves tend to become flat, in low surface brightness
galaxies the circular velocities at large radii are observed to go as ∝ √r [13]
or even ∝ r [14].
Note that for the validity of the above outlined scenario we have to check,
if the Newton’s force between the baryonic matter on our brane and the
observer would not be modified by the parallel brane in a severe way. For this,
we can again approximate the baryonic matter as a point mass and calculate
the potential energy, as given in (33), where r is the distance between the
point sources. For r  R we can approximate the integral and find the usual
Newton’s force in the leading order. So, on the level of our approximations, the
baryonic force does not change. For r  R it is harder to find an analytical
12
approximation. However, a numerical investigation shows that for r & R the
force stays Newtonian10, in the leading order. Since after r∗ the Newton’s
force falls off, the proposed scenario remains valid.
It should be emphasized that the above distance independent force was
derived for a point source at the 2nd brane. So it could be interesting to take
an extended source and investigate how the asymptotic rotation-velocities
would be impacted. It has been pointed out [15] that there is a substantial
diversity in the rotation curves in low surface brightness galaxies. This
diversity might be explained by varying mass distributions on the parallel
brane. Since in the present scenario only the parallel brane would contain
this ”dark” matter distribution, it does not have to be weakly interacting,
but could even form a highly localized density distribution.
Let us estimate, very crudely, the values of the involved length scales,
such that the above outlined scenario can be valid. If we wish the distance
independent force to be operational at r & 1 kpc, we should choose R ∼ 1 kpc.
If we then want this regime to hold up to at least r & 102 kpc, we should take
ρ & 102 kpc, (17)
because for r & ρ the potential drops and the rotation-velocity would start to
decrease. Since there is the constraint rc & H−10 ∼ 106 kpc from cosmological
observations [16], we actually need ρ & 103 kpc and hence the constant force
should extend significantly beyond the size of the galaxy11.
Let us finally note that if the above scenario is valid, we have to ask the
question, why is the mass on the parallel brane so tightly related to the mass
in the ”baryonic” galaxy, as seen from (16). This question should then be
addressed in the investigation of galaxy formation.
4 Kaluza-Klein decomposition
The Green’s function and the resulting potential energy can be derived in the
Kaluza-Klein language. The advantage of this calculation is that we can gain
more insight into the system and compare the results in both languages.
10For r  R, the Newton’s force changes to one half its value. This is due to the fact
that in this regime the observer perceives the two branes as lying on top of each other and
hence rc → 2rc.
11In some surveys [17, 18] it is even claimed that cosmological observations exclude a
tensionless DGP brane.
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Let us shift the two branes, so that the system is symmetric around y = 0:
S =
∫
d4x dy
{
1
2
(∂Aφ)
2 + rc[δ(y +R/2) + δ(y −R/2)]1
2
(∂µφ)
2 + J(xµ, y)φ
}
.
(18)
We can now expand the field φ in the following way:
φ(xµ, y) =
2∑
α=1
∫ ∞
0
dmψm,α(y)φm,α(x
µ),
where φm,α(x
µ) are the KK-modes and ψm,α(y) are the mode functions (or
wave functions) constituting a complete basis of the y-space. We can make
the Lagrangian in (18) diagonal in φm,α(x
µ), if the mode functions satisfy the
equation {
∂2y +m
2[1 + rcδ(y +R/2) + rcδ(y −R/2)]
}
ψm,α(y) = 0, (19)
which implies the orthonormality condition∫
dy ψm,α(y)ψm′,α′(y)[1 + rcδ(y +R/2) + rcδ(y −R/2)] = δ(m−m′)δαα′ .
(20)
Then, the action becomes
S =
∫
dx4
∑
α
∫
dm
{
−1
2
φm,α(x
µ)
[
+m2
]
φm,α(x
µ) + φm,α(x
µ)Jm,α(x
µ)
}
,
(21)
with12 Jm,α(x
µ) =
∫
dy J(xµ, y)ψm,α(y). We can determine the basis {ψm,α(y)}
by solving eq. (19). This is done in appendix (A).
From the action (21) we derive the equation of motion(
+m2
)
φm,α(x
µ) = Jm,α(x
µ). (22)
Since we are interested in the static source
J(xµ, y) = g
[
δ(3)(~x)δ(y +R/2) + δ(3)(~x− ~r)δ(y −R/2)], we have
Jm,α(x
µ) = g
[
ψm,α(−R/2)δ(3)(~x) + ψm,α(R/2)δ(3)(~x− ~r)
]
. (23)
12Note that Jm,α(x
µ) is not a KK-mode of J(xµ, y), which would rather be J˜m,α(x
µ) ≡∫
dy ψm,α(y)[1 + rcδ(y +R/2) + rcδ(y −R/2)]J(xµ, y).
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Then the solution of(−∆ +m2)Gm(~x− ~x′) = δ(3)(~x− ~x′) (24)
leads to the Green’s function
Gm(~x− ~x′) =
∫
d3~k
(2pi)3
ei
~k(~x−~x′)
|~k|2 +m2 =
1
4pir
e−mr. (25)
Hence, the potential energy between the two sources is
VKK(r, R) = −g2
∑
α
∫ ∞
0
dmwm,αGm(~r), (26)
where we have defined the ”wave profile”
wm,α ≡ ψm,α(−R/2)ψm,α(R/2) (27)
=

1
pi
[
1 +
(
rcm+ tan
(
mR
2
))2]−1
, α = even,
− 1
pi
[
1 +
(
rcm− cot
(
mR
2
))2]−1
, α = odd,
which has been plotted in Figure 3.
20 40 60 80
m
1/ rc
0.1
0.2
0.3
wm,even
(a) Even
20 40 60 80 100
m
1/ rc-0.1
-0.2
-0.3
wm,odd
(b) Odd
Figure 3: Wave profiles, with m in units of 1/rc and R/rc = 0.2
We observe that the wave profiles quickly tend to zero, except for distinct
”peaks” (of height 1/pi) at certain values of m. The smaller R/rc, the wider
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the peaks are apart. These distinct peaks come from the fact that the wave
profiles have to satisfy certain matching conditions at the branes and it makes
sense that for closer together branes there are less modes (or peaks) in a
certain m-interval. So the modes, which contribute effectively to the potential,
are discrete. For m 1
rc
only those modes contribute, for which
even:
∣∣∣∣tan mR2
∣∣∣∣ 1⇒ m ∼ piR(2n− 1),
odd:
∣∣∣∣cot mR2
∣∣∣∣ 1⇒ m ∼ 2piR n, (28)
with n ∈ N. Of course, the Yukawa-suppression factor determines which
of those discrete modes eventually survive and contribute to the resulting
potential.
Another interesting observation is that the even wave profile always
contributes positively (and hence to the attractive gravitational potential),
while the odd wave profile always contributes negatively (and hence adds a
repulsive part to the gravitational potential).
Now we want to see how these wave profiles conspire together, so that the
potential turns out the same way as in the 5-d description. Unfortunately, in
the KK-picture, it is very difficult to approximate the integral (26) in all, but
the case (I).
We have to solve
VKK(r, R) = − g
2
4pi2
1
rrc
(Jeven − Jodd), (29)
with
Jeven =
∫ ∞
0
dx
e−
r
rc
x
1 +
[
x+ tan
(
1
2
R
rc
x
)]2 , (30a)
Jodd =
∫ ∞
0
dx
e−
r
rc
x
1 +
[
x− cot
(
1
2
R
rc
x
)]2 . (30b)
Let us first consider case (I): Both integrals are cut off at rc
r
. The result
of the integrals crucially depends on the interplay between the two terms
in the square-bracket of the denominator. In Jeven the tangent is always
16
sub-dominant, so
Jeven ∼
∫ rc
r
0
dx
1
1 + x2
= arctan
rc
r
∼ pi
2
− r
rc
+O
[(
r
rc
)3]
. (31)
In Jodd the two terms in the square-bracket become of the same order for
x ∼ x∗ ≡
√
2 ρ
R
. But in the case (I), x∗  rcr , so the cotangent always
dominates and we find
Jodd ∼ 1
4
R2
r2c
∫ rc
r
0
dx x2 =
1
12
R
r
ρ2
r2
. (32)
Hence, the leading contribution to the potential comes from Jeven and we
recover the same result as in the 5-d description.
Now, let us go to case (II). In Jeven the tangent is still sub-dominant.
However, in Jodd the story changes. Now x∗  rcr and hence for x ∼ x∗ the
terms in the square-bracket cancel each other and the integrand has a finite
contribution in that integration interval. We were not able to approximate
the result analytically, but numerical calculations show that in the leading
approximation (where we take e−
r
rc
x ∼= 1) Jodd goes to the same value as Jeven.
So, up to (at least) 2nd order the respective first peaks (see Figure 3) cancel
each other and the resulting potential energy vanishes.
If we examine (30a) and (30b) more closely (taking into account the
Yukawa-suppression factor), we find that the first peak of Jeven and Jodd,
respectively, together contribute the same leading factor 1
ρ
, which we found
in the 5-d calculation. We can interpret this result as if those modes, which
contribute to the repulsive potential (belonging to the first odd peak), coun-
teract the modes, which contribute to the attractive potential (belonging to
the first even peak), and thus weaken gravity.
In case (III) the square-brackets in the denominators go to zero many
times, so many of the peaks contribute to the result. A numerical analysis
again shows that we recover the leading behavior of (12).
5 Decoupling the second brane
We now want to consider two static point sources on our brane (but still in
the presence of the parallel brane at y = R). The potential energy is
VR(r) = −g2
∫ ∞
0
d3~k
(2pi)3
ei
~k~rG˜(k, 0), (33)
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where we can read off G˜(k, 0) from (4). In the limit R→∞, the propagator
becomes
G˜(k, 0) =
1
k
1
2 + rck
, (34)
which is the same as in the case with only one brane [2]. Hence13, for R→∞
we find the same result14 as in Ref. [2]:
V (r) = − g
2
2pi2
1
rrc
{
sin
(
2r
rc
)
Ci
(
2r
rc
)
+ cos
(
2r
rc
)[
pi
2
− Si
(
2r
rc
)]}
, (35)
where Si(z) and Ci(z) are the sine integral and the cosine integral, respectively.
So we find that a 2nd brane together with its induced kinetic term has no
influence on gravity in our world, if the brane is far away.
In the previous discussion we used the same kinetic term on the two branes,
by using the same length scale rc on them. However, we can reproduce the
same conclusion, if we consider the theory
S =
∫
d4x dy
{
1
2
(∂Aφ)
2 + [rcδ(y) + r˜cδ(y −R)]1
2
(∂µφ)
2 + J(xµ, y)φ
}
,
(36)
where in general rc 6= r˜c. We now find
G˜(k, 0) =
1
k
2 + r˜ck − r˜ck e−2kR
(2 + r˜ck)(2 + rck)− rcr˜ck2 e−2kR , (37)
which again reduces to (34) in the limit R→∞.
6 Consistency with black hole physics and in-
terpretation in terms of species
In this last section we want to use our findings to discuss some implications for
the present system, coming from the consistency with BH physics. Although
13If one doubts that (34) is a good approximation, because values for k → 0 enter the
integral in (33), one can take the full propagator G˜(k, 0) and approximate the resulting
potential energy. We find that in the regime r, rc  R (for an arbitrary hierarchy between
r and rc) the potential approaches indeed (35). For the regime r  R rc the Newtonian
limit (r  rc) of (35) is recovered.
14The numerical prefactor can differ due to a different normalization (which can be
absorbed in the coupling g).
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the existence of BH’s (and their exact form) in the DGP setup has not yet
been conclusively established15, the following discussion will be based on the
assumption that for distances r  rc there should exist BH’s in the DGP
model, which have the same properties as the usual 4-d BH’s in GR.
6.1 Classically static configuration
In Ref. [7] several scenarios (in the context of the ADD model) have been
investigated, where a BH seemingly could not evaporate into the species
localized on one or more branes, because its size was smaller than the distance
to those branes. It has been found that all of those scenarios corresponded
to time-dependent configurations. It was shown that a (classically) static
configuration was only reached, after the BH has accreted all the branes (or
had evaporated altogether) and henceforth could evaporate into all species.
This was interpreted as a ”democratic transition” from a ”Non-Einsteinian”
BH (meaning that it is not the usual time-independent, universally evaporating
BH derived from GR) to a time-independent, semi-classical BH.
Now we want to apply this investigation to our setting. Let us consider a
BH localized on ”our” brane, in the presence of a parallel brane that has some
species localized on it, which are not localized on our brane. In the situations
of Ref. [7], the tension of the branes was the key property in deriving the
gravitational interaction between the branes and the BH, and discovering the
”accretion” mechanism.
However, in our scenario the branes are tensionless, so one might naively
suspect that they would not interact with a BH on our brane. But we found in
Section 3 that the branes in our scenario, due to their DGP-term, would react
to a present mass-source, such as a BH, by repelling it. So unless we treat the
branes as fixed boundaries, our configuration would be again time-dependent.
It goes beyond the scope of this paper to investigate, if a static configuration
can be reached and to determine the time scale. However, the fact that the
2nd brane does not influence us, if it is very far away (see Section 5), suggests
that there is at least the trivial static configuration, namely with the 2nd
brane sent to infinity. In this case there could be a situation, where a BH on
our brane cannot evaporate into the species on the parallel brane.
This result differs from the result in the ADD case and it seemingly tells
us that in the DGP scenario a BH that does not evaporate universally into
15For some discussions see Ref. [19, 20].
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all species does not have the tendency to ”democratize” its evaporation.
However, it is subtle to adopt such an interpretation. For the authors of
Ref. [7] to interpret the evolution towards time-independence (the accretion of
the branes) as the evolution towards democratization, driven by the presence of
the localized species on the distant branes, it was crucial to note the following
relation: Since in a general coordinate invariant setup the branes have a
dynamical origin (they are domain walls, instead of being merely boundary
conditions), they must have a tension, which then will excite particles (even
without additionally localized bulk fields). So an attraction between a BH
and the branes is always accompanied by the presence of localized species on
the latter. In our setup, however, the branes were originally introduced as
boundary conditions and hence they can be tensionless.
So our result either illustrates that in the DGP braneworld an interpreta-
tion in terms of species has its limits. Or the species picture tells us that our
construction of two distant DGP branes is not consistent. For example, it
might be the case that it is not possible to localize different species on the
two branes in such a way.
6.2 The dependence of the crossover scale on the num-
ber of species
As explained in the introduction, in theories, which tend to GR in the infrared,
consistency with BH physics requires a bound on the gravity cut-off. This
bound depends on the number of species in the theory16. Now, in our scenario
the situation is somewhat different. We consider a model, which goes to GR
at short distances, but not at large distances. However, it is possible to derive
a similar bound in our case, if one makes a further assumption (in addition
to assuming the existence of the BH). In the following, we will reproduce the
derivation, given in Ref. [23].
If the existence of the usual 4-d BH with Schwarzschild radius rg =
M
M3∗ rc
=
M
M2P
for length scales r < rc is assumed, one can derive the same bound as in
16A similar relation as (2) can also be derived using the perturbative argument that
the graviton propagator will get radiative corrections from the N fields [21, 22]. However,
we want to emphasize that the perturbative argument is in fact a naturalness argument,
since the radiative corrections could cancel each other, whereas the non-perturbative (BH)
argument leads to a consistency limit.
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Eq. (2),
Λ . MP√
N
,
where Λ is the cutoff of classical gravity and N is the number of localized
species on the brane. Let us, for definiteness, consider the case that we can
have a semi-classical BH of a size all the way down to
√
N/MP. Then, the
highest possible cut-off will be
Λmax =
MP√
N
.
The second assumption is that this gravity cutoff is the same as the gravity
cutoff for the 5-d bulk observer (who only sees one species), so Λmax = M∗.
Since rc ≡ M
2
P
M3∗
, this leads to
N = rcM∗. (38)
If we accept the relation (38), we see that, for fixed M∗ in the bulk, the
number of localized particles is
N =
M2P
M2∗
, (39)
and hence, from this point of view, is responsible for the strength of gravity
on the brane.
On the other hand, we saw in our discussion in the previous section that
if the second brane is far enough away, then no matter how strong gravity is
on that brane, it will not affect the gravitational laws in our world. So even
if there is a very high number of species in the theory (but localized on a
different brane), it does not alter the gravity cutoff in our universe. This is
again an implication, which differs from the situation in models, where there
is a normalizable zero-mode of the graviton.
7 Summary
We have investigated the modification of the original DGP-setup [2] by the
addition of a second 3-brane with a localized curvature term, parallel to the
brane, where our SM fields are localized. We have shown that the potential
energy between two static point masses shows similar properties as in the
original DGP-setup, but it also acquires a qualitatively different behavior.
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By calculating the potential energy between two point masses on different
branes, in the regime, where the cross-over scale rc is much bigger than the
4-dimensional distance r and the brane separation R, we found that a new
length scale emerges, namely ρ =
√
rcR. For ρ r, the (leading contribution
of the) potential energy goes like 1/r, while for r  ρ it goes like 1/√R. So
we found that in the presence of the branes, 5-d gravity is screened. Although
a screening was already found in Ref. [5] for one brane, we established that
the addition of the 2nd brane weakens gravity even further, so it behaves
weaker (for r  ρ) than 4-dimensional.
Taking into account higher order contributions to the potential, we found
a linear r-dependence in the regime R  r  ρ. Hence, if we consider the
force along the 3-brane, there is a spatially constant attractive force between
the point masses. This constant force, coming from matter sources on the
parallel brane, can lead to rotation-velocities of objects, orbiting e.g. the
center of our galaxy, which don’t decrease, but rather slightly increase. This
might be phenomenologically interesting for low surface brightness galaxies.
Here, it might be worthwhile to consider extended sources on both branes
and to investigate, in a future work, how the potential energy behaves and
hence what rotation curves can be derived.
We derived the potential energy in two different ways: we calculated it in 5
dimensions and derived an expression in terms of KK-modes after performing
the dimensional reduction. In the KK-picture we showed that the even modes
contribute only to the attractive potential, while the odd modes contribute
only to the repulsive part, thus weakening gravity.
Finally, we have considered the limiting case, where the 2nd brane is sent
far away (R rc). In this case, the laws of gravity on our brane behave like
in the original DGP-scenario and are not influenced by the presence of another
brane. If one assumes the existence of BH’s at distances r  rc and adopts a
species-viewpoint, this result is interesting for the following reasons. A BH on
our brane will just evaporate into species localized on our brane. The strength
of the gravitational potential and the gravity cut-off in our universe are not
altered by the (possibly large) number of species on the distant brane. This
suggests that either the usual bound on the number of species has limited
applicability for a DGP-type model or that the species-viewpoint points to
an inconsistency in our assumed construction of two DGP branes.
To gain more insight, one might investigate in a future work, how a
classically static configuration (where the 2nd brane is at a finite distance)
might look like in the presence of the branes and their repulsive nature. Would
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the BH also try to accrete the other brane?
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A Determining the mode functions
For every m there are two linearly independent solutions, which take the form
ψm(y) =

Am cosmy +Bm sinmy, y < −R
2
,
Cm cosmy +Dm sinmy, −R
2
≤ y ≤ R
2
,
Em cosmy + Fm sinmy, y >
R
2
,
(40)
subject to the four boundary conditions: continuity of ψm(y) at y = −R2 and
y = R
2
, discontinuity17 of dψm(y)
dy
at y = −R
2
and y = R
2
. This enables us to
eliminate four of the coefficients and find
Am = Cm
(
1 + rcm sin
(
mR
2
)
cos
(
mR
2
))
− rcmDm sin2
(
mR
2
)
,
Bm = Dm
(
1− rcm sin
(
mR
2
)
cos
(
mR
2
))
+ rcmCm cos
2
(
mR
2
)
,
Em = Cm
(
1 + rcm sin
(
mR
2
)
cos
(
mR
2
))
+ rcmDm sin
2
(
mR
2
)
,
Fm = Dm
(
1− rcm sin
(
mR
2
)
cos
(
mR
2
))
− rcmCm cos2
(
mR
2
)
.
In principle, every choice of Cm and Dm parametrizes a different solution
in the 2-dimensional solution-space. However, since the operator acting on
17 lim
→0
dψm(y)
dy
∣∣∣±R2 +
±R2 −
+m2rcψm(±R2 ) = 0
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ψm,α(y) in eq. (19) is symmetric around y = 0, we can find solutions that are
either even (α = 1) or odd (α = 2). Hence, our mode functions are
ψm,1(y) ≡ ψm,even(y) =

Am cosmy +Bm sinmy, y < −R
2
,
Cm cosmy, −R
2
≤ y ≤ R
2
,
Am cosmy −Bm sinmy, y > R
2
,
(41)
with Am = Cm
(
1 + rcm sin
(
mR
2
)
cos
(
mR
2
))
, Bm = rcmCm cos
2
(
mR
2
)
and
ψm,2(y) ≡ ψm,odd(y) =

Am cosmy +Bm sinmy, y < −R
2
,
Dm sinmy, −R
2
≤ y ≤ R
2
,
− Am cosmy +Bm sinmy, y > R
2
,
(42)
with Am = −rcmDm sin2
(
mR
2
)
, Bm = Dm
(
1− rcm sin
(
mR
2
)
cos
(
mR
2
))
. It is
straightforward to establish that these mode functions satisfy condition (20).
Performing that lengthy calculation, fixes the coefficients
C2m =
1
pi
1
cos2
(
mR
2
)
+
(
sin
(
mR
2
)
+ rcm cos
(
mR
2
))2 , (43)
D2m =
1
pi
1
sin2
(
mR
2
)
+
(
cos
(
mR
2
)− rcm sin (mR2 ))2 . (44)
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